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Abstract
Let G be a ﬁnite abelian group and M an o-minimal expansion of Rexp = (R,+, ·, <, ex)
admitting the C∞ cell decomposition. Everything is considered in M.
We prove that every deﬁnable C∞Gmanifold is aﬃne. Moreover we prove that ifX1, . . . , Xn
(resp. Y1, . . . , Yn) are deﬁnable C∞G submanifolds of a deﬁnable C∞G manifold X (resp.
Y ) in general position, then every deﬁnable C1G map (X;X1, . . . , Xn) → (Y ;Y1, . . . , Yn) is
approximated by a deﬁnable C∞G map (X;X1, . . . , Xn)→ (Y ;Y1, . . . , Yn).
Furthermore we prove a relative collaring theorem.
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1 . Introduction.
Let Rexp denote (R,+, ·, <, ex) is the ex-
ponential ﬁeld expanding the standard struc-
tureR = (R,+, ·, <) of the ﬁeld of real num-
bers. Then Rexp is o-minimal [2]. Let M =
(R,+, ·, <, ex, . . . ) be an o-minimal expan-
sion of Rexp admitting the C∞ cell decom-
position.
General references on o-minimal struc-
tures are [1], [3], [16], and it is known in
[14] that there exist uncountably many o-
minimal expansions of R. For example, the
Nash category is a special case of the deﬁn-
able C∞ category and it coincides with the
deﬁnable C∞ category based onR [17]. Fur-
ther properties and constructions of them
are studied in [2], [4], [13]. Equivariant de-
ﬁnable category is studied in [6], [7], [8], [10].
In this paper “deﬁnable” means “deﬁn-
able with parameters in M”, everything is
considered in M, every manifold does not
have boundary, and each deﬁnable map is
continuous unless otherwise stated.
Theorem 1.1. If G is a ﬁnite abelian
group, then every deﬁnable C∞G manifold
is aﬃne.
In Theorem 1.1, we cannot drop the as-
sumption that M is an o-minimal expan-
sion of Rexp. Even if G is trivial, there exist
uncountably many nonaﬃne Nash manifolds
[15]. If r < ∞, then the non-equivariant
deﬁnable Cr case is proved without this as-
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sumption [9].
Let X be a C∞ manifold and X1, . . . , Xn
C∞ submanifolds ofX. We say thatX1, . . . ,
Xn are in general position in X if for each
i ∈ {1, . . . , n} and J ⊂ {1, . . . , n} − {i}, Xi
intersects transverse to ∩j∈JXj.
Let G be a compact deﬁnable C∞ group.
Let X be a deﬁnable C∞G manifold with
boundary ∂X andX1, . . . , Xn deﬁnable C∞G
submanifolds of X with boundary ∂X1, . . . ,
∂Xn, respectively, such that every ∂Xi is
contained in ∂X. A relative definable C∞G
collar of (∂X; ∂X1, . . . , ∂Xn) is a deﬁnable
C∞G imbedding ϕ : (∂X×[0, 1]; ∂X1×[0, 1],
. . . , ∂Xn × [0, 1]) → (X;X1, . . . , Xn) such
that ϕ|∂X × {0} is the inclusion ∂X → X,
where the action on [0, 1] is trivial.
Theorem 1.2. Let G be a ﬁnite abelian
group. Let X be a compact deﬁnable C∞G
manifold with boundary ∂X, and X1, . . . , Xn
compact deﬁnable C∞G submanifolds of X
with boundary ∂X1, . . . , ∂Xn, respectively,
such that X1, . . . , Xn, ∂X are in general po-
sition and every ∂Xi is contained in ∂X.
Then there exists a relative deﬁnable C∞G
collar ϕ : (∂X×[0, 1]; ∂X1×[0, 1], . . . , ∂Xn×
[0, 1])→ (X;X1, . . . , Xn) of (∂X; ∂X1, . . . ,
∂Xn).
If r < ∞, G is a compact deﬁnable Cr
group and X is aﬃne, then the deﬁnable
CrG case of Theorem 1.2 is proved without
the assumption that M is an o-minimal ex-
pansion of Rexp [12]. Theorem 1.2 is a rela-
tive deﬁnable C∞ version of 4.6 [7].
Let Def r(Rn) denote the set of deﬁn-
able Cr functions on Rn. For every f ∈
Def r(Rn) and for every positive deﬁnable
function ϵ : Rn → R, the ϵ-neighborhood
N(f ; ϵ) of f in Def r(Rn) is deﬁned by {h ∈
Def r(Rn)||∂α(h− f)| < ϵ, ∀α ∈ (N ∪ {0})n,
|α| ≤ r}, where α = (α1, . . . , αn) ∈ (N ∪
{0})n, |α| = α1+ · · ·+αn, ∂αF = ∂
|α|F
∂xα11 ...∂x
αnn
.
We call the topology deﬁned by these ϵ-
neighborhoods the definable Cr topology.
By considering relative topology, we can de-
ﬁne the definable Cr topology on a deﬁnable
Cr submanifold of Rn.
The following is a relative deﬁnable C∞G
version of 1.1 [7].
Theorem 1.3. Let G be a ﬁnite abelian
group. Let X,Y be deﬁnable C∞G manifolds
and X1, . . . , Xn (reps. Y1, . . . , Yn) deﬁnable
C∞G submanifolds of X (resp Y ) such that
X1, . . . , Xn (resp. Y1, . . . , Yn) are in general
position. Suppose that f : (X;X1, . . . , Xn)→
(Y ;Y1, . . . , Yn) is a deﬁnable C1G map. Then
f is approximated by a deﬁnable C∞G map
h : (X;X1, . . . , Xn)→ (Y ;Y1, . . . , Yn) in the
deﬁnable C1 topology. Moreover if for 1 ≤
i1 < · · · < ik ≤ n, f |Xi1 , . . . , f |Xik are de-
ﬁnable C∞G maps, then we can take h such
that h| ∪kj=1 Xij = f | ∪kj=1 Xij .
If r < ∞, G is a compact deﬁnable Cr
group and X is aﬃne, then without the as-
sumption thatM is an o-minimal expansion
of Rexp, the deﬁnable CrG case of Theorem
1.3 is proved [12].
2 Proof of our results
The following result is aﬃneness of deﬁn-
able C∞ manifolds.
Theorem 2.1 ([5]). Every deﬁnable C∞
manifold of dimension n is deﬁnably C∞
imbeddable into R2n+1.
Let G be a compact deﬁnable C∞ group.
A representation map of G is a group homo-
morphism from G to some orthogonal group
which is a deﬁnable C∞ map. A representa-
tionmeans the representation space of a rep-
resentation map of G. In this paper, we as-
sume that every representation of G is or-
thogonal.
Deﬁnable C∞G manifolds are studied in
[8], [10], [11]. A definable C∞G submani-
fold of a representation Ω of G is a G in-
variant deﬁnable C∞ submanifold of Ω. A
deﬁnable C∞G manifold is affine if it is
deﬁnably C∞G diﬀeomorphic to a deﬁnable
C∞G submanifold of some representation of
G. By [10], if G is a compact aﬃne deﬁn-
able C∞ group, then every compact deﬁn-
able C∞G manifold is aﬃne.
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Proof of Theorem 1.1. Let G = {g1, . . . ,
gm} and X a deﬁnable C∞G manifold of di-
mension n. By Theorem 2.1, there exists a
deﬁnable C∞ imbedding f : X → R2n+1.
Let Ω be the representation of G whose un-
derlying space is R(2n+1)m = R2n+1 × · · · ×
R2n+1 and its action is deﬁned by the permu-
tation of coordinates (x1, . . . , xm) �→ (xσ(1),
. . . , xσ(m)) induce from (gg1, . . . ggm) = (
gσ(1), . . . , gσ(m)). Then F : X → Ω, F (x) =
(f(g1x), . . . , f(gmx)) is the required deﬁn-
able C∞G imbedding.
Theorem 2.2 (2.24 [8]). Let G be a
compact deﬁnable C∞ group, X a compact
aﬃne deﬁnable C∞G manifold with bound-
ary ∂X. Then there exists a deﬁnable C∞G
collar, namely there exists a deﬁnable C∞G
imbedding ϕ : ∂X × [0, 1] → X such that
ϕ|(∂X × {0}) is the inclusion ∂X → X,
where the action on [0, 1] is trivial.
Theorem 2.3 (2.24 [8]). If G is a com-
pact deﬁnable C∞ group, then every deﬁn-
able C∞G submanifold X of a representa-
tion Ω of G has a deﬁnable C∞G tubular
neighborhood (U, θ) of X in Ω, namely U is
a G invariant deﬁnable open neighborhood of
X in Ω and θ : U → X is a deﬁnable C∞G
map with θ|X = idX .
Theorem 2.4 ([5]). Let X be a deﬁn-
able C∞ manifold and A,B deﬁnable dis-
joint closed subsets of X. Then there exists
a deﬁnable C∞ function ϕ : X → R such
that ϕ|A = 1 and ϕ|B = 0.
An equivariant version of Theorem 2.4 is
the following.
Theorem 2.5. Let G be a compact de-
ﬁnable C∞ group and X a compact aﬃne
deﬁnable C∞G manifold. Suppose that A,B
are G invariant deﬁnable disjoint closed sub-
sets of X. Then there exists a G invariant
deﬁnable C∞ function f : X → R such that
f |A = 1 and f |B = 0.
Proof . By the assumption, we may assume
that X is a deﬁnable C∞G submanifold of a
representation Ω of G. Since G is a compact
Lie group, the orbit map π : Ω → Ω/G ⊂
Rs is a G invariant proper polynomial map.
Since X is compact and A,B are closed in
X, π(A), π(B) are closed in Rs. By Theorem
2.4, there exists a deﬁnable C∞ function ϕ :
Rs → R such that ϕ|π(A) = 1 and ϕ|π(B) =
0. Therefore f := ϕ ◦ (π|X) : X → R is the
required G deﬁnable C∞ function.
Proof of Theorem 1.2. By Theorem
1.1, we may assume that X is aﬃne.
We simultaneously prove the theorem and
the following assertion by induction on n.
Assertion. Let f : ∪ni=1∂Xi × [0, 1] →
∪ni=1Xi (⊂ X) be a deﬁnable G map. If each
f |∂Xi×[0, 1] is a relative deﬁnable C∞G col-
lar of (∂Xi; ∂Xi∩∂X1, . . . , ∂Xi∩∂Xi−1, ∂Xi∩
∂Xi+1, . . . , ∂Xi∩∂Xn) in (Xi;Xi∩X1, . . . , Xi
∩Xi−1, Xi ∩Xi+1, . . . , Xi ∩Xn), then there
exists a positive number ϵ such that f | ∪ni=1
∂Xi × [0, ϵ] is extensible to a relative deﬁn-
able C∞G collar ϕ : (∂X; ∂X1, . . . , ∂Xn) ×
[0, ϵ]→ (X;X1, . . . , Xn) of (∂X; ∂X1, . . . , ∂
Xn) in (X;X1, . . . , Xn).
If n = 0, then the theorem is proved by
Theorem 2.2 and Assertion is trivial.
Let n ≥ 1. By the inductive hypothesis
of Theorem 1.2, we can ﬁnd a relative deﬁn-
able C∞G collar (∂X1; ∂X1∩∂X2, . . . , ∂X1∩
∂Xn)×[0, 1]→ (X1;X1∩X2, . . . , X1∩Xn) of
(∂X1; ∂X1∩∂X2, . . . , ∂X1∩∂Xn) in (X1;X1∩
X2, . . . , X1 ∩ Xn). Applying the inductive
hypothesis of Assertion, one has a positive
number ϵ′ and a deﬁnableGmap ϕ˜ : ∪ni=1∂Xi
× [0, ϵ′] → ∪ni=1Xi such that each ϕ˜|∂Xi ×
[0, ϵ′] is a relative deﬁnable C∞G collar of
(∂Xi; ∂Xi ∩ ∂X1, . . . , ∂Xi ∩ ∂Xi−1, ∂Xi ∩ ∂
Xi+1, . . . , ∂Xi∩∂Xn) in (Xi;Xi∩X1, . . . , Xi∩
Xi−1, Xi∩Xi+1, . . . , Xi∩Xn). After compos-
ing id×fϵ′ , we may assume that the domain
of ϕ˜ is ∪ni=1∂Xi × [0, 1], where fϵ′ denotes a
deﬁnable Cω diﬀeomorphism from [0, 1] onto
[0, ϵ′].
We now extend ϕ˜ to a deﬁnable C∞G
map ϕ : U × [0, 1] → X, where U is a
G invariant deﬁnable open neighborhood of
∪ni=1∂Xi in ∂X.
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Let Ω be a representation of G contain-
ing X as a deﬁnable C∞G submanifold. By
Theorem 2.3, we can take a deﬁnable C∞G
tubular neighborhood (UX , θX) of X in Ω.
If n = 1, then (θX ◦ ϕ˜) × id is the required
extension.
Let n > 1. By the inductive hypothe-
sis, there exist G invariant deﬁnable open
neighborhoods Un−1 ⊂ U ′n−1 of ∪n−1i=1 ∂Xi in
∂X, a G invariant deﬁnable open neighbor-
hood of Un of ∂Xn in ∂X, and deﬁnable
C∞G maps fn−1 : U ′n−1 × [0, 1] → X ⊂
Ω, fn : Un × [0, 1] → X ⊂ Ω such that
the closure of Un−1 in ∂X is properly con-
tained in U ′n−1, fn−1|(∪n−1i=1 ∂Xi × [0, 1]) =
ϕ˜|(∪n−1i=1 ∂Xi × [0, 1]) and fn|∂Xn × [0, 1] =
ϕ˜|∂Xn × [0, 1]. Take a G invariant deﬁnable
C∞ function h on Un × [0, 1] whose support
lies in (Un∩U ′n−1)×[0, 1] with h|(Un∩Un−1)×
[0, 1] = 1. Then hfn−1|(Un ∩ U ′n−1) × [0, 1]
is extensible to a deﬁnable C∞G map fn−1
deﬁned on Un × [0, 1]. Let U := Un−1 ∪ Un.
Then fn−1|Un−1× [0, 1] is extensible to a de-
ﬁnable C∞G map f ′n−1 deﬁned on U × [0, 1].
Take a G invariant deﬁnable C∞ function
h on U × [0, 1] such that h = 1 on some
G invariant deﬁnable open neighborhood of
∂Xn × [0, 1] in Un × [0, 1] and its support
lies in Un × [0, 1]. Deﬁne ϕ : U × [0, 1] →
X,ϕ(x) =



θX((1− h(x))f ′n−1(x) + h(x)fn(x)),
x ∈ Un × [0, 1]
f ′n−1(x), x ∈ (U − Un)× [0, 1]
.
Then ϕ is the required extension.
We now construct a relative deﬁnable C∞
G collar ϕ : (∂X; ∂X1, . . . , ∂Xn) × [0, 1] →
(X;X1, . . . , Xn) as an extension of ϕ˜. Let
V ⊂ U be aG invariant deﬁnable open neigh-
borhood of ∪ni=1∂Xi whose closure in ∂X is
properly contained in U and let ψ be a G in-
variant deﬁnable C∞ function on ∂X× [0, 1]
such that its support lies in U × [0, 1] and
ψ|V × [0, 1] = 1. By Theorem 2.2, we have a
deﬁnable C∞G collar ϕ′ : ∂X× [0, 1]→ X of
∂X in X. Then ϕ : (∂X; ∂X1, . . . , ∂Xn) →
(X;X1, . . . , Xn) deﬁned by ϕ(x) =



θX((1− ψ(x))ϕ′(x) + ψ(x)ϕ(x)),
x ∈ U × [0, 1]
ϕ′(x), x ∈ (∂X − U)× [0, 1]
is a relative deﬁnable C∞G collar of (∂X;
∂X1, . . . , ∂Xn) in (X;X1, . . . , Xn) such that
ϕ|(∪ni=1∂Xi)× [0, 1] = ϕ˜.
The proof of Theorem 1.2 also proves the
following.
Theorem 2.6. Let G be a compact deﬁn-
able C∞ group. Let X be a compact aﬃne
deﬁnable C∞G manifold with boundary ∂X,
and X1, . . . , Xn compact deﬁnable C∞G sub-
manifolds of X with boundary ∂X1, . . . , ∂Xn,
respectively, such that X1, . . . , Xn, ∂X are in
general position and every ∂Xi is contained
in ∂X. Then there exists a relative deﬁnable
C∞G collar ϕ : (∂X× [0, 1]; ∂X1× [0, 1], . . . ,
∂Xn×[0, 1])→ (X;X1, . . . , Xn) of (∂X; ∂X1,
. . . , ∂Xn).
Theorem 2.7 ([5]). Let 0 ≤ r < ∞.
Then every deﬁnable Cr map between deﬁn-
able C∞ manifolds is approximated by a de-
ﬁnable C∞ map in the deﬁnable Cr topology.
To consider an equivariant version of The-
orem 2.7, recall the averaging function.
Let G = {g1, . . . , gm}, X an aﬃne deﬁn-
able C∞G manifold and Ω a representation
of G. Then we deﬁne the averaging function
A : C∞(X,Ω)→ C∞(X,Ω) by A(f)(x) = 1m∑m
i=1 g
−1
i f(gix).
Then we have the following proposition.
Proposition 2.8. (1) If f is a deﬁn-
able C∞ map, then A(f) is a deﬁnable C∞G
map.
(2) Let Def∞(X,Ω) (resp. Def∞G (X,Ω)
) denote the set of deﬁnable C∞ maps (resp.
deﬁnable C∞G maps) from X to Ω. Then
A|Def∞G (X,Ω) = idDef∞G (X,Ω) and A(Def
∞(
X,Ω)) = Def∞G (X,Ω).
(3) For any non-negative integer r, A :
Def∞(X,Ω) → Def∞(X,Ω) is continuous
in the deﬁnable Cr topology.
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By Theorem 1.1, Theorem 2.3, Theorem
2.7 and Proposition 2.8, we have the follow-
ing equivariant version.
Theorem 2.9. Let G be a ﬁnite abelian
group and 0 ≤ r <∞. Then every deﬁnable
CrG map between deﬁnable C∞G manifolds
is approximated by a deﬁnable C∞G map in
the deﬁnable Cr topology.
Proposition 2.10. Let G be a ﬁnite
abelian group and X a deﬁnable C∞G man-
ifold. Suppose that A,B are G invariant de-
ﬁnable disjoint closed subsets of X. Then
there exists a G invariant deﬁnable C∞ func-
tion f : X → R such that f |A = 1 and
f |B = 0.
Proof . By Theorem 2.4, we have a de-
ﬁnable C∞ function ϕ : X → R such that
ϕ|A = 1 and ϕ|B = 0. LetG = {g1, . . . , gm}.
Then the function f : X → R deﬁned byf(x)
= 1m
∑m
i=1 ϕ(gix) is the required function.
Proof of Theorem 1.3. By Theorem
1.1, X,Y are aﬃne. Hence we may assume
that they are deﬁnable C∞G submanifolds
of some representation Ω of G.
We simultaneously prove the theorem and
the following assertion by induction on n.
Assertion. Let F : (∪ni=1Xi;X1, . . . , Xn)
→ (∪ni=1Yi;Y1, . . . , Yn) be a deﬁnableGmap.
If each F |Xi is a deﬁnable C∞Gmap (Xi;Xi∩
X1, . . . , Xi∩Xi−1, Xi∩Xi+1, . . . , Xi∩Xn)→
(Yi;Yi ∩ Y1, . . . , Yi ∩ Yi−1, Yi ∩ Yi+1, . . . , Yi ∩
Yn), then there exist a G invariant deﬁnable
open neighborhoodWn of ∪ni=1Xi in X and a
deﬁnable C∞G map ϕ : (Wn;X1, . . . , Xn)→
(Y ;Y1, . . . , Yk) such that ϕ| ∪ni=1 Xi = F .
If n = 0, then Theorem 2.9 proves the
theorem and Assertion is trivial.
Let n ≥ 1. Since X1, . . . , Xn and Y1, . . . ,
Yn are in general position, for each i, Xi ∩
X1, . . . , Xi ∩ Xi−1, Xi ∩ Xi+1, . . . , Xi ∩ Xn
(resp. Yi∩Y1, . . . , Yi∩Yi−1, Yi∩Yi+1, . . . , Yi∩
Yn ) are deﬁnable C∞G submanifolds of Xi
(resp. Yi). Thus f |Xi : (Xi;Xi∩X1, . . . , Xi∩
Xi−1, Xi ∩ Xi+1, . . . , Xi ∩ Xn) → (Yi;Yi ∩
Y1, . . . , Yi ∩ Yi−1, Yi ∩ Yi+1, . . . , Yi ∩ Yn) is a
deﬁnable C1G map. By the inductive hy-
pothesis of Theorem 1.3, we can ﬁnd a de-
ﬁnable C∞G map fi : (Xi;Xi∩X1, . . . , Xi∩
Xi−1, Xi ∩ Xi+1, . . . , Xi ∩ Xn) → (Yi;Yi ∩
Y1, . . . , Yi ∩Yi−1, Yi ∩Yi+1, . . . , Yi ∩Yn) as an
approximation of f |Xi.
Applying the inductive hypothesis of As-
sertion to fn|X1 ∩ Xn : X1 ∩ Xn,→ Yn,
we have a G invariant deﬁnable open neigh-
borhood V1 of X1 ∩ Xn in X1 and a de-
ﬁnable C∞G map k1 : V1 → Yn such that
k1|X1 ∩Xn = fn|X1 ∩Xn.
Take a smallerG invariant deﬁnable open
neighborhood V ′1 ⊂ V1 of X1∩Xn in X1 and
a G invariant deﬁnable C∞ function a1 on
X1 such that the closure of V ′1 in X1 is prop-
erly contained in V1, the support of a1 lies
in V1 and a1|V ′1 = 1. By Theorem 2.3, we
have a G invariant deﬁnable open neighbor-
hood W1 of Y1 in Ω and a deﬁnable C∞G
map θY1 : W1 → Y1 with θY1 |Y1 = idY1 .
Deﬁne k′1 : X1 → Y1, k′1(x) =


θY1((1− a1(x))f1(x) + a1(x)k1(x)),
x ∈ V1
f1(x), x ∈ X1 − V1
.
Then k′1 is a deﬁnable C∞G map extending
fn|X1 ∩Xn.
Repeating this process, we have a deﬁn-
able G map ϕn : (∪ni=1Xi;X1, . . . , Xn) →
(∪ni=1Yi;Y1, . . . , Yn) such that each ϕn|Xi is
a deﬁnable C∞G map which is an approxi-
mation of f |Xi.
By the inductive hypothesis of Assertion,
there exist G invariant deﬁnable open neigh-
borhood Un−1 of ∪n−1i=1Xi in X and a deﬁn-
able C∞G map f ′n−1 : (Un−1;X1, . . . , Xn−1)
→ (Y ;Y1, . . . , Yn−1) such that f ′n−1| ∪n−1i=1
Xi = ϕn| ∪n−1i=1 Xi.
By Theorem 2.3, ϕn|Xn is extensible to
a deﬁnable CrG map Fn from a G invariant
deﬁnable open neighborhood Un of Xn in X,
and we have a G invariant deﬁnable open
neighborhood V of Y in Ω and a deﬁnable
C∞G map θY : V → Y with θY |Y = idY .
Take a smallerG invariant deﬁnable open
neighborhood U ′n ⊂ Un of Xn of X and a G
invariant deﬁnable C∞ function b : X → R
such that the closure of U ′n in X is properly
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contained in Un, its support lies in Un and
b|U ′n = 1 .
Deﬁne Hn : Un−1 ∪ Un → Y,Hn(x) =



θY ((1− b(x))f ′n−1(x) + b(x)Fn(x)),
x ∈ Un
f ′n−1(x), x ∈ Un−1 − Un
.
Then Hn is a deﬁnable C∞G map. Since
Fn|(Xn∩(∪n−1i=1Xi)) = ϕn|(Xn∩(∪n−1i=1Xi)) =
f ′n−1|(Xn∩(∪n−1i=1Xi)), Hn is a deﬁnable C∞G
map (Un−1 ∪ Un;X1, . . . , Xn)→ (Y ;Y1, . . . ,
Yn) and Assertion is proved.
Take a G invariant deﬁnable open neigh-
borhood U˜n of ∪ni=1Xi in X whose closure in
X is properly contained in Un−1∪Un and a G
invariant deﬁnable C∞ function c : X → R
such that its support lies in Un−1 ∪ Un and
c|U˜ = 1.
Applying Theorem 2.9 to f : X → Y ,
there exists a deﬁnable C∞G map f˜ : X →
Y as an approximation of f : X → Y .
Deﬁne h(x) =


θY ((1− c(x))f˜(x) + c(x)Hn(x)),
x ∈ Un−1 ∪ Un
f˜(x), x ∈ X − Un−1 ∪ Un
.
Then h is the required deﬁnable C∞G map.
By a way similar to the proof of Theorem
1.3 proves the following stronger version.
Theorem 2.11. Let G be a ﬁnite abelian
group, X,Y deﬁnable C∞G manifolds and
X1, . . . , Xn (reps. Y1, . . . , Yn) deﬁnable C∞G
submanifolds of X (resp. Y ) such that X1,
. . . , Xn (resp. Y1, . . . , Yn) are in general po-
sition. Suppose that f : (X;X1, . . . , Xn) →
(Y ;Y1, . . . , Yn) is a deﬁnable CsG map and
1 ≤ s < ∞. Then f is approximated by a
deﬁnable C∞G map h : (X;X1, . . . , Xn) →
(Y ;Y1, . . . , Yn) in the deﬁnable Cs topology.
Moreover if for 1 ≤ i1 < · · · < ik ≤ n,
f |Xi1 , . . . , f |Xik are deﬁnable C∞G maps,
then we can take h such that h| ∪kj=1 Xij =
f | ∪kj=1 Xij .
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